We derive an analytic formula for the Young's modulus in single-layer black phosphorus using the valence force field model. By analyzing the directional dependence for the Young's modulus, we explore the third principle direction with direction angle φtp = 0.268π besides armchair and zigzag directions. The maximum Young's modulus value is in the third principle direction. More specifically, the Young's modulus is 52.2 Nm −1 , 85.4 Nm −1 , and 111.4 Nm −1 in the armchair direction, zigzag direction, and the third principle direction, respectively. This new principle direction is of significance for future discussions of other anisotropic properties in the single-layer black phosphorus. Few-layer black phosphorus (BP) is another interesting quasi two-dimensional system that has recently been explored as an alternative electronic material to graphene, boron nitride, and the transition metal dichalcogenides for transistor applications 1-4 . This initial excitement surrounding BP is because unlike graphene, BP has a direct bandgap that is layer-dependent. Furthermore, BP also exhibits a carrier mobility that is larger than MoS 2 2 . The van der Waals effect in bulk BP was discussed by Appalakondaiah et.al.
Few-layer black phosphorus (BP) is another interesting quasi two-dimensional system that has recently been explored as an alternative electronic material to graphene, boron nitride, and the transition metal dichalcogenides for transistor applications [1] [2] [3] [4] . This initial excitement surrounding BP is because unlike graphene, BP has a direct bandgap that is layer-dependent. Furthermore, BP also exhibits a carrier mobility that is larger than MoS 2 2 . The van der Waals effect in bulk BP was discussed by Appalakondaiah et.al. 5 First-principles calculations show that single-layer BP (SLBP) has a band gap around 0.8 eV, and the band gap decreases with increasing thickness. 2, 6 For SLBP, the band gap can be manipulated via mechanical strain in the direction normal to the BP plane, where a semiconductor-metal transition was observed.
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The single-layer BP has a characteristic puckered structure, which leads to the two anisotropic in-plane directions.
As a result of this puckered configuration, anisotropy has been found in various properties for the single-layer BP, such as the optical properties, [10] [11] [12] the electrical conductance, 13 the mechanical properties, 5, [14] [15] [16] [17] and the Poisson's ratio. 16, 18, 19 The present work focuses on the Young's modulus of the SLBP. In all existing works, the Young's modulus in the armchair direction is much less than that in the zigzag direction. For instance, the Young's modulus from the ab initio calculations for the armchair and zigzag-directions is 28. From the above, in most existing works, the investigation of anisotropic properties is usually performed by comparing these properties in two principle directions, i.e., armchair and zigzag directions. However, in this work, we will disclose an additional principle direction in the SLBP, which will be referred to the third principle (TP) direction. The Young's modulus has the maximum value in the TP direction, while the armchair and zigzag directions have the minimum Young's modulus.
In this paper, using the valence force field model (VFFM), we derive an analytic formula for the directional dependence of the Young's modulus in SLBP. Besides armchair and zigzag directions, we reveal the TP direction, in which a maximum Young's modulus value is reached.
The atomic configuration of the SLBP is shown in Fig. 1 . The structure parameters were measured in the experiment.
20 Two in-plane lattice constants are a 1 = r 37 = 4.376Å and a 2 = r 24 = 3.314Å. The outof-plane lattice constant is a 3 = 10.478Å. The origin of the Cartesian coordinate system is in the middle of r 12 . The x-axis is in the horizontal direction and the y-axis is in the vertical direction. There are four inequivalent atoms in the unit cell a 1 × a 2 of the SLBP, which will be chosen as atoms 1, 2, 3, and 6 in this work. The coordinate of these atoms are r 1 = (−ua 1 , 0, −va 3 ), r 2 = (ua 1 , 0, va 3 ), r 3 = (0.5a 1 − ua 1 , 0.5a 2 , va 3 ), and r 6 = (−0.5a 1 + ua 1 , 0.5a 2 , −va 3 ). The two dimensionless parameters are u = 0.0806 and v = 0.1017. The bond lengths from the experiment are d 1 = r 23 = r 16 = 2.2449Å and d 2 = r 12 = 2.2340Å, and the two angles are θ 1 = θ 328 = 0.535π and θ 2 = θ 321 = 0.567π.
Several empirical potentials have been developed to describe the atomic interaction for the SLBP, including the VFFM potential 21 and the Stillinger-Weber potential.
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Both potentials were fitted to the phonon dispersion of the SLBP. The Stillinger-Weber potential includes some nonlinear properties, so it can be applied in molecular dynamics simulations of the SLBP. The VFFM is a linear model, so it is suitable for the investigation of linear properties in the SLBP, like the elastic bending modulus studied in this work. The VFFM is convenient for deriving analytic expressions for elastic properties thanks to its simplicity. An analytic expression is of help for an explicit understanding of the elastic properties. Hence, we will apply the VFFM to derive an analytic formula for the Young's modulus of the SLBP. There are nine terms in the VFFM potential,
The VFFM describes the energy variation of the system due to a small change in the bond length (∆b i ) and the angle (∆θ i ) with i = 1, 2, which are induced by strain in the present work. The V r term describes the bond stretching energy for intra-group bond lengths like r 23 . The V ′ r term is the energy corresponding to the bond stretching for inter-group bond lengths like r 12 . The V θ term describes the energy associating with the variation of intra-group angles like θ 234 . The V ′ θ term describes the energy variation due to the variation of the inter-group angles like θ 123 . The V rr ′ term describes the potential energy for the simultaneous variation of two different intragroup bonds like r 23 and r 24 . The V ′ rr ′ term gives the potential energy for the simultaneous variation of bonds like r 21 
All parameters are shown in Tab. I. The unit of these parameters has been converted from dyne/cm in the original work to eVÅ −2 . To compute the Young's modulus, the uniaxial uniform strain ǫ is applied to the structure. The magnitude of the strain is ǫ and the direction of the strain iŝ ǫ = (cos φ, sin φ, 0). The angle φ is counted from the xaxis. Based on the VFFM potential, the strain energy density is 
where S 0 = a 1 × a 2 is the area of the unit cell a 1 × a 2 . The right-hand side gives the total VFFM energy for a unit cell. The Young's modulus can be obtained through its definition, (11) where the strain-induced variations for the bond length and the angle have been expressed as linear functions of strain; i.e., ∆d i = α i ǫ and ∆θ i = β i ǫ, with i = 1, 2, 3, 4. We have introduced six geometrical coefficients,
∂ǫ | ǫ=0 ; (12)
The x-axis is rotated to the strain directionǫ. The coordinate for the vector, r = (x, y, z), in this new coordinate system is
where the under script φ denotes the new coordinate system with x-axis along the strain direction. In the new coordinate system, the strain is applied along the x-direction, so the effect of the strain is as follows
where the under script ǫ denotes the coordinate under strain. The first derivative of the vector is ∂ rǫ ∂ǫ = x φêxφ . As a result, the first derivative of the bond length is
For the bond length d 1 = r 23 , we have x 23φ = (0.5 − 2u) a 1 cos φ + 0.5a 2 sin φ, so we get
For the bond length d 2 = r 21 , we have x 21φ = −2ua 1 cos φ, so we get
After the strain is applied, it is obvious that r 23 = r 28 , so we have another bond length in the deformed SLBP, i.e., d 3 = r 28 . We have x 28φ = (0.5 − 2u) a 1 cos φ−0.5a 2 sin φ, which leads to
We consider the strain induced variation for the angle θ 1 = θ 328 . According to the definition, cos θ 328 =n 23 · n 28 , we have
Analogous derivation gives
We find that θ 321 = θ 821 in the deformed SLBP. As a result, we have
Inserting the above geometrical coefficients into Eq. (11), we obtain the Young's modulus for the SLBP. Fig. 2 shows the directional dependence for the Young's modulus. The contribution to the Young's modulus from all of the nine VFFM potential terms are displayed by individual curves. The Young's modulus in the armchair direction is is much less than the Young's modulus in the zigzag direction. Similar anisotropy in the Young's modulus has also been reported in several previous studies, 5, [14] [15] [16] 18 though the obtained values show variability between the different studies. The difference is probably due to different computational methods and potentials that have been used in different studies. In present work, the Young's modulus is 52. armchair direction and 85.4 Nm −1 in the zigzag direction, which is within the range of the previously reported values.
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Fig . 2 shows that the Young's modulus has a minimum value at φ = 0 (armchair direction). However, this curve clearly demonstrates that the Young's modulus actually has a minimum point at φ = π/2 (zigzag direction), although the zigzag direction has larger Young's modulus value than the armchair direction. The maximum Young's modulus (111.4 Nm −1 ) is in the direction with φ tp = 0.268π. We call this additional principle direction as the TP direction.
The Young's modulus is mainly contributed by the V r term. We thus examined the Young's modulus computed from the V r term as
As a result, the extreme points are determined by the condition, ∂Er ∂x = 0, which leads to
These equations determine three principle directions in the SLBP. Eqs. (23) and (24) give two local minimum for the Young's modulus in the direction with φ = 0 (armchair) or φ = π/2 (zigzag). Eq. (25) determines the TP direction with φ tp = ±0.268π, in which the Young's modulus has the maximum value. We note that the TP direction is almost coincident with the bond direction like r 23 in Fig. 1, i. e., φ tp ≈ θ1 2 . However, there is no guarantee for this equality according to Eq. (25). This can be more explicitly illustrated in Fig. 3 , which shows the functions φ = φ(θ 1 ) (blue solid line) from Eq. (25) and φ = θ1 2 (red dashed line). The crossover between these two curves yields θ 1 = 0.5π, which is the only θ 1 value satisfying φ tp = θ1 2 . We actually have θ 1 = 0.535π for SLBP, which is not equal to 0.5π, but these two values are very close to each other. As a result, the TP direction is very close to the bond direction like r 23 .
In conclusion, we have derived an analytic expression for directional-dependent Young's modulus of SLBP. The Young's modulus has the minimum value in the armchair direction, but the maximum Young's modulus is not in the zigzag direction. Instead, we find the TP direction in the SLBP with φ = 0.268π, along which the Young's modulus is maximum.
